Abstract. We prove that a countable group with an effective minimal nonelementary convergence group action is a Powers group. More strongly we prove that it is a strongly Powers group and thus its non-trivial subnormal subgroups are C * -simple.
1. Introduction C * -simplicity for countable groups have been studied very much since Powers proved that non-abelian free groups are C * -simple ( [14] ), where a countable group is C * -simple if the reduced C * -algebra of it is simple. For example, it is known that torsion-free hyperbolic groups which are not cyclic are C * -simple ( [9] ). Also some criteria for C * -simplicity for groups are established (refer to [3] , [10] and [11] ). In particular Powers groups are C * -simple ([10, Theorem 13] ). See [10, Definition 9 ] about the definition of Powers groups.
The following is our main theorem: Theorem 1.1. Let G be a countable group. If G has an effective minimal nonelementary convergence group action, then G is a Powers group.
On the above the case where G is torsion-free is known ([10, Corollary 12 (iv)]). See [10, Corollary 12] and [11] for other examples of Powers groups. We give two corollaries. First one is the following: Corollary 1.2. Let G be a countable group with a minimal non-elementary convergence group action. Then the following are equivalent: (i) the action is effective; (ii) G is a Powers group; (iii) the reduced C * -algebra of G is simple; (iv) the reduced C * -algebra of G has a unique normalized trace; (v) G has infinite conjugacy classes; (vi) G does not have non-trivial amenable normal subgroups; (vii) G does not have non-trivial finite normal subgroups; (viii) all minimal non-elementary convergence group actions of G are effective.
See Section 2 about convergence group actions. Corollary 1.2 implies [1, Corollary 2] , which deals with the case of relatively hyperbolic groups in the sense of Osin. We remark that if a countable group G is a properly relatively hyperbolic group in the sense of Osin and is not virtually cyclic, then G has a minimal non-elementary convergence group action (see Section 2) .
Recall that each group has a unique maximal amenable normal subgroup, which is called its amenable radical. The second corollary is the following: Corollary 1.3. Let G be a countable group with a minimal non-elementary convergence group action. Then the amenable radical R a (G) is finite and equal to the kernel of the action. Also G/R a (G) is a strongly Powers group.
Here a group is called a strongly Powers group when its non-trivial subnormal subgroups are Powers groups (see [11, 1. Introduction] ).
It follows from Corollaries 1.2 and 1.3 that a countable group with an effective minimal non-elementary convergence group action is a strongly Powers group and thus its non-trivial subnormal subgroups are C * -simple (see Corollary 3.4).
Properties of convergence group actions
The study of convergence groups was initiated in [7] . In this section we recall some definitions and properties related to convergence group actions (refer to [15] , [6] and [4] ).
Let G be a countable group, X be a compact metrizable space and ρ : G → Homeo(X) be a homomorphism. The pair (ρ, X) is a convergence group action if X has at least three points, and for any infinite sequence {g i } of mutually different elements of G, there exist a subsequence {g ij } of {g i } and two points r, a ∈ X such that ρ(g ij )| X\{r} converges to a uniformly on compact subsets of X \ {r} and also ρ(g −1 ij )| X\{a} converges to r uniformly on compact subsets of X \ {a}. The sequence {g ij } is called a convergence sequence of (ρ, X) and also the points r and a are called the repelling point of {g ij } and the attracting point of {g ij }, respectively. When we consider a convergence group action (ρ, X), for l ∈ G, we call ρ(l) a loxodromic element if ρ(l) is of infinite order and has exactly two fixed points. The sequence {l i } i∈N is a convergence sequence of (ρ, X) with the repelling point r and the attracting point a, which are distinct and fixed by ρ(l). Hence we call r the repelling fixed point of ρ(l) and a the attracting fixed point of ρ(l).
Let (ρ, X) be a convergence group action of a countable group G. Since X has at least three points, Kerρ has no convergence sequences and thus Kerρ is finite. The set of all repelling points and attracting points is equal to the limit set Λ(ρ) ([15, Lemma 2M]). The cardinality of Λ(ρ) is 0, 1, 2 or ∞ ([15, Theorem 2S, Theorem 2T]). We remark that #Λ(ρ) = 0 if G is finite by definition. Also it is well-known that G is virtually infinite cyclic if #Λ(ρ) = 2 (see [15, Lemma 2Q,Lemma 2N,Theorem 2I] and also [6, Example 1.3]). We call (ρ, X) a nonelementary convergence group action if #Λ(ρ) = ∞. We note that if a countable group G has a non-elementary convergence group action, then the induced action on the limit set is a minimal non-elementary convergence group action.
We briefly recall the notion of relatively hyperbolic group, which was introduced in [8] . Let G be a countable group with a finite family of infinite subgroups H. Assume that G is not virtually cyclic for simplicity. We call (G, H) a properly relatively hyperbolic group if there exists a geometrically finite convergence group action (ρ, X) such that H is a set of representatives of conjugacy classes of maximal parabolic subgroups (refer to [5 Proposition 2.3. Let G be a countable group with a minimal non-elementary convergence group action (ρ, X). Then Kerρ is the maximal finite normal subgroup of G.
We give its proof for readers in Appendix A. Second one is [6, Proposition 3.1]. We give a proof for readers here.
Proposition 2.4. Let G be a countable group with a convergence group action (ρ, X). Let N be an infinite normal subgroup of G. We consider the restricted convergence group action (ρ| N , X). Then we have Λ(ρ| N ) = Λ(ρ). In particular if (ρ, X) is non-elementary, then (ρ| N , X) is also non-elementary.
Proof. We remark that Λ(ρ| N ) is not empty since N is infinite. Also obviously we have Λ(ρ| N ) ⊂ Λ(ρ). Hence we have Λ(ρ| N ) = Λ(ρ) if #Λ(ρ) = 1.
If #Λ(ρ) = 2, then G is virtually infinite cyclic. Then N is also virtually infinite cyclic. When we take an element n ∈ N of infinite order, ρ(n) is loxodromic and fixes Λ(ρ) ([15, Lemma 2Q, Theorem 2G]). Thus we have Λ(ρ| N ) ⊃ Λ(ρ).
Suppose that (ρ, X) is non-elementary. Moreover we can assume that it is minimal without loss of generality. We take a convergence sequence {n i } i∈N of (ρ| N , X) with the attracting point a ∈ X and the repelling point r ∈ X. Then for any g ∈ G, the infinite sequence {gn i g −1 } i∈N is a convergence sequence of (ρ, X) with the attracting point ρ(g)a ∈ X and the repelling point ρ(g)r ∈ X. The infinite sequence {gn i g −1 } i∈N can be regarded as a convergence sequence of (ρ| N , X) since N is normal. In particular we have
Proofs of results
In this section we prove Theorem 1.1 and Corollaries 1.2 and 1.3. We show the following in order to prove Theorem 1.1: Proposition 3.1. Let G be a countable group with a minimal non-elementary convergence group action (ρ, X). Then (ρ, X) is effective if and only if there exists a point x ∈ X such that ρ(g)x = x for any element g ∈ G \ {1}.
This claims that effectiveness of a minimal non-elementary convergence group action can be detected by some single point.
The following is a key lemma for Proof of Proposition 3.1.
Lemma 3.2. Let G be a countable group with a minimal non-elementary convergence group action (ρ, X). Then for any element g ∈ G such that ρ(g) is not the identity map, the fixed point set Fix(ρ(g)) ⊂ X has an empty interior.
Proof. We take an element g ∈ G such that ρ(g) is not the identity map. We put U := X \ Fix(ρ(g)), which is clearly open and not empty. We assume that the interior V of Fix(ρ(g)) is not empty. Since U and V are mutually disjoint open sets which are not empty, we have an element l ∈ G such that ρ(l) is loxodromic, a fixed point r of ρ(l) is in U and the other fixed point a of ρ(l) is in V ([15, Theorem 2R]). Then ρ(glg −1 ) is loxodromic and satisfies Fix(ρ(glg −1 )) = {ρ(g)r, ρ(g)a}. Since r ∈ U and a ∈ V , we have ρ(g)r = r and ρ(g)a = a. This contradicts the fact that the fixed point sets of two loxodromic elements either coincide or have an empty intersection ([15, Theorem 2G]).
Proof of Proposition 3.1. The 'if' part is trivial. We prove the 'only if' part. Suppose that (ρ, X) is effective. Then for each g ∈ G\{1}, ρ(g) is not the identity map. Hence the interior Int(Fix(ρ(g))) is empty by Lemma 3.2. Then Int( g∈G\{1} Fix(ρ(g))) is also empty since X is a Baire space. Thus g∈G\{1} Fix(ρ(g)) must be a proper subset of X because X is not empty. Proof of Theorem 1.1. Suppose that G has an effective minimal non-elementary convergence group action (ρ, X). There exist two elements l 1 , l 2 ∈ G such that ρ(l 1 ) and ρ(l 2 ) are loxodromic and have no common fixed points ([15, Theorem 2T]). Since {l i 1 } i∈N and {l i 2 } i∈N are convergence sequences, then ρ(l 1 ) and ρ(l 2 ) are hyperbolic in the sense of [10, Definition 10] . Therefore (ρ, X) is strongly hyperbolic in the sense of [10, Definition 10] . Also for any finite subset F ⊂ G \ {1}, there exists x ∈ X such that ρ(f )x = x for all f ∈ F by Proposition 3.1. Therefore (ρ, X) is strongly faithful in the sense of [10, Definition 10] . Hence G is a Powers group by [10, Proposition 11 and the following remark].
Proof of Corollary 1.2. Clearly (viii) implies (i). Also Theorem 1.1 claims that (i) implies (ii).
For general countable groups, the following relations hold among properties (ii), (iii), (iv), (v), (vi), (vii) and (viii): It is well-known that (ii) implies both (iii) and (iv) (see [10, Theorem 13 and Remark (i) on it]); each of (iii) and (iv) implies both (v) and (vi) (see [3, Proposition 3] ); each of (v) and (vi) obviously implies (vii); (vii) implies (viii) by definition of convergence group actions (see Section 2).
We have the following: Corollary 3.4. Let G be a countable group with an effective minimal non-elementary convergence group action (ρ, X). Then for every non-trivial subnormal subgroup N of G, the restricted action (ρ| N , X) is an effective minimal non-elementary convergence group action. In particular G is a strongly Powers group.
Proof. We take a non-trivial subnormal subgroup N of G. There exists a finite chain of subgroups N = N k < N k−1 < · · · < N 0 = G such that N j is normal in N j−1 for any j = 1, . . . , k. We suppose that G has an effective minimal nonelementary convergence group action (ρ, X). Then N 1 is infinite by Proposition 2.3 and thus the restricted action (ρ| N1 , X) is an effective minimal non-elementary convergence group action by Proposition 2.4. By induction on j, the restricted action (ρ| N , X) is an effective minimal non-elementary convergence group action. Hence N is a Powers group by Theorem 1.1.
Proof of Corollary 1.3. Suppose that G has a minimal non-elementary convergence group action (ρ, X). Kerρ is the maximal finite normal subgroup of G by Proposition 2.3. Now we prove that the amenable radical R a (G) is finite. We assume that G has an infinite amenable normal subgroup N . Since N does not contain any nonabelian free subgroups, the restricted convergence group action ρ| N is elementary ( [15, Theorem 2U] ). This contradicts Proposition 2.4.
Since Kerρ is equal to R a (G), the quotient G/R a (G) has the induced effective minimal non-elementary convergence group action (ρ, X). Hence Corollary 3.4 can be applied to G/R a (G).
Appendix A. Proof of Proposition 2.3
In this appendix we prove Proposition 2.3. In fact we prove Proposition A.1 (compare with [2, Lemma 3.3] for the case of relatively hyperbolic groups).
Let G be a countable group with a convergence group action (ρ, X) and l be an element of G such that ρ(l) is loxodromic. We put E + ρ (l) := Stab ρ (r) ∩ Stab ρ (a) and E ρ (l) := Stab ρ ({r, a}), where Stab ρ (r), Stab ρ (a) and Stab ρ ({r, a}) are the stabilizer of subsets {r}, {a} and {r, a} in G, respectively. Also we define E + ρ (G) (resp. E ρ (G)) by the intersection of all the sets in the family {E
Proposition A.1. Let G be a countable group with a non-elementary convergence group action. If (ρ, X) is a minimal non-elementary convergence group action, then Kerρ is the maximal finite normal subgroup of G and equal to both E + ρ (G) and E ρ (G).
In order to prove the above, we need some lemmas.
Lemma A.2. Let G be a countable group with a non-elementary convergence group action (ρ, X). Then E + ρ (G) is a finite normal subgroup of G. Proof. For any element l ∈ G such that ρ(l) is loxodromic and for any element h ∈ G, ρ(hlh −1 ) is loxodromic. Clearly we have E
We can take two elements l 1 , l 2 ∈ G such that ρ(l 1 ) and ρ(l 2 ) are loxodromic and have no common fixed points ( [15, Theorem 2R] We can prove the following in the same way as the proof of Lemma A.2.
Lemma A.3. Let G be a countable group with a non-elementary convergence group action (ρ, X). Then E ρ (G) is a finite normal subgroup of G.
Lemma A.4. Let G be a countable group with a non-elementary convergence group action (ρ, X), l ∈ G be an element such that ρ(l) is loxodromic and g be an element of G. If there exists a positive integer n such that gl n g −1 = l n , then g is an element of E + ρ (l). Proof. We take the repelling fixed point r of ρ(l) and the attracting fixed point a of ρ(l). Then ρ(gl n g −1 ) is a loxodromic element with the repelling fixed point ρ(g)r and the attracting fixed point ρ(g)a. gl n g −1 = l n implies that ρ(g)r = r and ρ(g)a = a.
Lemma A.5. Let G be a countable group with a non-elementary convergence group action (ρ, X). Then any finite normal subgroup M of G is contained in E We take an element l ∈ G such that ρ(l) is loxodromic and the repelling fixed point r ∈ X of ρ(l). Then for any g ∈ E 
